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Experiments have shown that stress has a significant effect on the hysteresis loop of the electrode 

potential while charging or discharging Li-ion batteries. In this work, considering the influence of 

stress on lithium-ion diffusion and electrode potential, a fully coupled electro-chemo-mechanical 

model is developed in a spherical electrode particle under galvanostatic operation. Then, some 

simulations are carried out to investigate the distribution of lithium-ion concentration, diffusion-

induced stresses and electric potential. Meanwhile, the influences of C-rate and electrode particle 

radius are also discussed. Numerical results show that the smaller C-rate and electrode particle radius 

are beneficial in reducing the diffusion-induced stresses and improving the effective capacity of Li-ion 

batteries. Finally, some comparisons of lithium-ions concentration and the hysteresis of electrode 

potential between the present model and Jin’s model (without the effect of deformation on diffusion) 

are performed. The work can provide some tips for designing electrodes in Li-ion batteries with a high 

capacity and durability. 
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1. INTRODUCTION 

 

Lithium-ion batteries (LIBs) have become indispensable electrochemical energy storage 

devices due to their higher energy density and longer life [1, 2]. During the process of charge and 

discharge in LIBs, the electrode is usually accompanied with volume deformation [3, 4] and the 

diffusion-induced stress (DIS) [5]. Excessive stress may lead to the electrode failure and cause the 

electrochemical performance degradation by altering the electrode potential. Therefore, the challenge 
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for high-performance LIBs is not only a chemical problem, but also a mechanical one. Thus, it is 

essential to investigate the evolution of DIS to improve the electrochemical performance and cycle 

lifetime of LIBs. 

There is extensive research on the coupled diffusion-stress model to understand the influence of 

DIS on loss of capacity and life expectancy. Prussin [5] first deduced the diffusion-induced stress in Si 

wafers by adopting the method similar to the thermal stress. Zhang [6] investigated the diffusion-

induced stress in the electrode particles of various shapes and sizes. Zhao [7] outlined a theory to study 

how particle size and C-rate affect electrode fracture in LIBs. Cheng and Verbrugge [8] took into 

account the effect of surface tension and surface modulus on DIS within spherical nanoparticles, and 

revealed that both the magnitude and distribution of stresses can be significantly affected by surface 

mechanics if the particle diameter is in the nanometer range. Suo and Yang [9] developed a one-

dimensional fully coupled reaction-diffusion-stress model with the influence of the local solid reaction. 

Using gradient material and considering the contribution of chemical reaction, Hu [10] developed a 

generalized diffusion-deformation-reaction coupling model under potentiostatic operation. Li [11] 

established a chemo-mechanical model for the lithiation-induced deformation of a-Si electrode from 

the frameworks of phase-field theory and viscoplastic constitutive relationship. These works 

mentioned above mainly focused on the chemo-mechanical behavior in lithium-ion battery electrodes 

and they were one-way coupling or intercoupling. However, the influence of diffusion-induced stress 

on the electrical properties is not taken into account. 

Some experiments suggest that stress can impact the potential of the electrode during charging 

and discharging. For example, Sethuraman [12] pointed out that stress had a significant effect on the 

open-circuit electric potential of the silicon electrode by experimental observation. Piper [13] 

attributed the impediment of lithiation to the increase of elastic energy, and provided a qualitative 

explanation to their experiment. However, the explanation can only be applied to the electrodes in an 

equilibrium state. In the operation of LIBs, the evolution of electrode voltage versus capacity is 

different during the charge and discharge, and thus forms a hysteresis loop, which is called voltage 

hysteresis [14]. Bower [15] incorporated stress effects into the electrochemical reactions and 

established a continuum model of deformation, diffusion, stress, electrochemical reactions and 

electrostatic fields in a Li-ion half-cell. Lu [14] proposed a modified Butler-Volmer equation which 

includes the influence of mechanical stresses on the voltage hysteresis in the electrodes of LIBs. Song 

[16] indicated that the effects of the stress on the voltage hysteresis depended on the material’s 

property, charge rate and electrode size. Effects of surface stresses of nanoparticles and interparticle 

compressions on the voltage hysteresis of lithium ion batteries were investigated by Jin [17]. Peng [18] 

developed a reaction-diffusion-stress coupled model to discuss the stress induced voltage hysteresis 

under potentiostatic operation. A coupled mechanics-electrochemistry formalism for solid polymer 

electrolyte was developed by Hao [19] to address the effect of stress on the electrochemical 

performance. The stress-potential coupling of electrode materials was investigated in these above 

studies, however the effect of stress on the diffusion is neglected, thus they are not fully coupled. 

Deformation (stress) plays an important role in the diffusion of lithium ions, as experiments 

[20-22] have confirmed. Moreover, it can also affect the electrode potential. At present, there are few 

reports of the full diffusion-electro-mechanical coupling. The present paper will consider the influence 
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of the deformation on the lithium diffusion and electrode potential, take a spherical silicon electrode 

particle as an object and develop an electro-chemo-mechanical coupling model to discuss the evolution 

of Li-ions concentration, DIS and electrode potential under galvanostatic operation. Then, numerical 

simulations are performed to capture the impact of C-rate and particle size on DIS and electrode 

potential. The proposed model can be used to analyze electrode degradation behaviours and provide 

design guidance to improve effective PFR capability of LIBs. 

 

 

 

2. MODEL FORMULATION 

The schematic of a spherical electrode particle with the radius 
0r  is shown in Fig. 1. 

 

 
 

Figure 1. Schematic of a spherical electrode particle 

 

2.1 Butler-Volmer electro-chemical reaction 

At the interface between the active electrode material and the electrolyte, the electrochemical 

reaction of the lithium ions and the active electrode material occurs as follows. 

A Li e Li Aa

c

k

xk
x x   ，                    (1) 

where Li  and A  are lithium-ions and active materials respectively. 
ak  and 

ck  are reaction 

rate constants for anodic reaction and cathodic reaction, respectively. 

Based on the modified Butler-Volmer equation [14], the electro-chemical reaction velocity 

affected by the electrode potential and the hydrostatic pressure at the surface of electrode is written as 

 
   

0 exp 1 exp

s s

V eq h V eq h

n

g g

F E E F E E
i i

R T R T

 
 

          
       

        

，   (2) 

where 
ni , 

0i ,  , F , gR , T ,   and 
s

h  represent the net current density, the exchange current 

density, charge transfer coefficient, Faradic constant, universal gas constant, absolute temperature, 

partial molar volume and hydrostatic pressure at the electrode surface. 
VE  is the electrode potential 

and eqE  is the potential at the equilibrium state of the whole electrode. V eqE E  is the overpotential 

that signifies the degree to deviate from equilibrium state. The electrochemical reaction of lithium-ions 

across the solid-liquid interface is impacted by the mechanical stresses. The mechanical compression 
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in the surface layer would impede the intercalation of lithium into the cathodic materials. 
s

h   

represents the energy barrier induced by mechanical work for isotropic materials, reflecting that 

lithium-ions intercalation into the solid-liquid interface need to overcome the impeding from surface 

mechanical stresses. The exchange current density 
0i  can be written as 

 
11

0 0 maxLi s si Fk c c c c
 



  ，                  (3) 

where 
0k , 

Li
c  , 

sc  and 
maxc  are the reaction rate constant at equilibrium state, lithium 

concentration in the electrolyte, the lithium concentration at the electrode surface and the maximum 

lithium concentration in the active material, respectively. 

The electrode potential can be solved from Eq. (2) under the assumption of 0.5   

0

2
arcsinh .

2

s
g n h

V eq

R T i
E E

F i F

  
   

 
              (4) 

It is pointed out that 0ni   means lithiation while 0ni   stands for delithiation in Eq. (4). The 

first term in the right of Eq. (4) represents the overpotential that drives the electrochemical reaction, 

and the second one is the overpotential caused by the diffusion-induced stress. 

According to the fitting result of Sethuraman [12], the equilibrium potential is given as follows 
6 5 4 3 24.76 9.34 1.8 7.13 5.8 1.94 0.62  0 1eqE Q Q Q Q Q Q Q         ， ，  (5) 

where  
0 2 3

max 0
0

3 dr
r

Q r c c r   is a dimensionless capacity, and r  is the radius. 

 

2.2 Mechanical equations 

Similar to the thermal strain, the relationship of stress and strain with diffusion induced 

deformation is written as [6] 
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                   (6) 

where r ,  , r ,  , E  and   are the radial strain, hoop strain, radial stress, hoop stress, 

Young’s modulus and Poisson’s ratio, respectively. c  is the concentration of lithium-ions in the 

electrode. 

Based on the linear elastic theory and small deformation assumption, the strain-displacement 

relationship in the spherical coordinate system is as follows  

 r

u u

r r
 


 


， ，                         (7) 

where u  is the radial displacement. 

The equilibrium equation neglecting body forces in the spherical electrode can be written as 

 
2

0.r
r

r r



 


  


                      (8) 

Substituting Eqs. (6) and (7) into Eq. (8), the mechanical equilibrium equation can be expressed 

as 
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Assume that there is no initial deformation of the electrode particle and that there is no stress at 

the surface. Additionally, the displacement at the center of sphere is zero due to the symmetry. Thus, 

the initial and boundary conditions can be written as 

0

0

0

0

0  0.

t

rr r r

u

u 



 



 

，

，
                     (10) 

 

2.3 Diffusion equation 

The electrochemical potential  , in an ideal solid solution can be written as [23, 24] 

0= lng hR T c    ，                     (11) 

where 
0  is the chemical potential in a given standard state, gR  is the universal gas constant, 

and  = 2 3h r     is the hydrostatic pressure.  

The diffusion flux J  and the electrochemical potential satisfy the following relationship 

g

Dc
J Mc

r R T r

  
   

 
，                     (12) 

where M  is the mobility of lithium in the solid, and gD MR T  is the diffusion coefficient. 

Supposing that the lithium-ions diffuse only along the radial direction, the diffusion equation 

abides by the mass conservation equation, i.e., 

 2

2

1
0.

c
r J

t r r

 
 

 
                     (13) 

Combining Eqs. (11)-(13), one can obtain 

2

2

1 h

g

c c c
r D

t r r r R T r

     
          

，                (14) 

where t  is time. It should be noted that the stress coupling effect is considered not only in the 

diffusion equation (14) but also in the electrochemical reaction (4).  

Given that the initial concentration of lithium-ions in the electrode is zero. Galvanostatic or 

potentiostatic operation takes place during charging or discharging. Only the galvanostatic operation is 

discussed in this work, which means that diffusion flux is constant at the surface of the electrode 

during the charge or discharge. Due to the symmetry of sphere, the diffusion flux at the center should 

be zero. Thus, the initial and boundary conditions for the diffusion should be given by 

0

0

0

  0

0  .

t

n

r r r

c

i
J J

F



 



 

，

，
                      (15)  

Under galvanostatic operation, the net current density in the spherical particle is given as 

follow [16] 

max 0

10800

c
n

n c Fr
i                           (16) 
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where 
cn  is the value of C-rate. The net current density is determined from the C-rate and the 

radius of spherical electrode particle. 

It can be derived from these above equations that Eqs. (4), (9) and (14) constitute the fully 

coupled electro-chemo-mechanical model equations. If the hydrostatic pressure disappears, the fully 

coupled model will reduce to Jin’s model [17]. 

 

 

 

3. NUMERICAL RESULTS AND DISCUSSION 

In order to discuss the evolution of the concentration, stresses and electrode potential in the 

spherical electrode particle, the electrode material is assumed to be silicon, and its parameters used in 

numerical simulation are listed in Table 1. 

 

 

Table 1. Parameters used in numerical simulation. 

 

Parameter Value Units 

E  100 [17] GPa  

   0.27 [17] / 

  64.26 10 [17] 3m mol  

D  162 10 [17] 2m s  

maxc  53.13 10 [17] 3mol m  

Li
c 

 
1000 [14] 3mol m  

0k  -1210 [14]  2.5 0.5m mol s  

gR  8.314   J mol K  

T  293.15  K  

0r  500  nm  

 

Figure 2 shows the distribution of lithium-ion concentration, radial stress, hoop stress, 

hydrostatic pressure and voltage hysteresis of the electrode, respectively, for electrode particle radius 

0 500 nmr  and C-rate 1 CCn  . In Figs. 2(a), (b) and (c), the solid lines with symbol represent the 

charging process and the dotted lines with symbol stand by the discharge process.  

Under galvanostatic operation, Fig. 2(a) and (b) describe the concentration distribution of 

lithium-ions with 
0/r r  at lower dimensionless capacity and higher dimensionless capacity 

respectively. Lithium ions spread from the surface to the centre. Concentration at a fixed position will 

increase with time of charging. During the discharge, the concentration at the center is higher than that 

at the surface of the electrode, and the concentration gradually decreases with the increase of 
0/r r . If 

the discharge time is longer, the concentration in a fixed position decreases because more lithium-ions 

are discharged. 

Fig. 2(c) and (d) plot the distributions of the radial stress and hoop stress, respectively. The 
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radial stress is tensile during the charge while it is compressive during the discharge. The magnitude of 

the maximum radial stress occurs at the center of the sphere no matter whether the electrode is in 

charge or discharge. The radial stress is tensile during the charge and compressive during the 

discharge, while the hoop stress changes from tensile to compressive with increasing dimensionless 

0/r r  during the charge and vice versa during the discharge. These variation trends of the radial and 

hoop stress can also be observed in [25]. The maximum hoop stress generates at the center no matter 

whether the battery is in charge or discharge. 

Fig. 2(e) illustrates the variation of hydrostatic pressure at the surface of the electrode particle 

with the dimensionless capacity Q . From Fig. 2(e), it can be found that the hydrostatic pressure is 

compressive during the charge while it is tensile during the discharge. In addition, the magnitude of 

hydrostatic pressure increases with the decrease of Q  during the discharge, whereas it quickly 

increases at the beginning of charge and then decreases up to the steady (constant) with the increasing 

of dimensionless capacity Q  as the charge continues. The variation trend of the hydrostatic pressure 

 = 2 3h r     at the electrode surface is consistent with that in Fig. 2(c) and (d), which can be 

further proved in [14, 25]. The curve of hydrostatic pressure forms a hysteresis loop during lithiation 

and delithiation. 

 The variation of the electrode potential with the non-dimensional capacity Q is shown in the 

Fig. 2(f) during the process of charge and discharge. The electrode potential gradually reduces as Q  

increases during the charge. When the potential is zero, the charge is completed. The potential of the 

electrode gradually increases with the reduction of Q during discharging. Similar to the hydrostatic 

pressure, the variation of the electrode potential also forms a hysteresis loop during lithiation and 

delithiation. 
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Figure 2. Spatial distributions of lithium-ion concentration at lower dimensionless capacity (a) and 

higher dimensionless capacity (b), radial stress (c) and hoop stress (d); the evolutions of the 

hydrostatic pressure (e) at the surface and the electrode potential (f) with the dimensionless 

capacity Q  for 0 500 nmr  and 1C . Solid and dotted curves with symbol denote the charge and 

discharge process respectively 

 

Figure 3 describes the influence of C-rate on the lithium-ion concentration, radial stress, hoop 

stress, hydrostatic pressure and electrode potential during the charge and discharge. The lithium-ion 

concentration distribution with 
0/r r  is shown in Fig. 3(a) at dimensionless time 0.08t   for different 

C-rate. It can be observed from Fig. 3(a) that 1) higher the C-rate leads to higher the concentration of 

lithium-ion at a fixed position, which means less time to reach the steady and the charge termination; 

2) when the C-rate is higher, the difference of the concentration between the center and the surface is 

larger, which is similar to that in [7]; 3) the lithium-ion concentration is sensitive to C-rate. 

Fig. 3(b) and 3(c) show the distribution of the radial and hoop stress with 
0/r r  at 0.08t   for 

different C-rate, respectively. When the C-rate is higher, the magnitudes of the radial and hoop stress 

are larger, which indicates that it is easier for the electrode to destroy for higher C-rate.  

The hysteresis of the hydrostatic pressure and electrode potential at different C-rates are 

illustrated in Fig. 3(d) and 3(e), respectively. Obviously, higher C-rate leads to larger magnitude of the 

hydrostatic pressure in Fig. 3(d) because the magnitudes of the radial and hoop stress are larger for 

higher C-rate and further they lead to larger hydrostatic pressure according to  = 2 3h r    . 

Moreover, the hysteresis loop of the hydrostatic pressure between lithiation and delithiation will 
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become larger for higher C-rate. The variation of the hysteresis loop of the potential with the C-rate is 

similar to that of the hydrostatic pressure, as indicated in Fig. 3(e). That is, the hysteresis loop of the 

potential between lithiation and delithiation will increase when the C-rate increases, which is due to 

that the electrode potential deviates from the equilibrium potential more for larger C-rate and 

hydrostatic pressure according to Eq. (4) and Fig. 3(d). What’s more, when the C-rate is larger, the 

electrode potential drops to a cut-off potential more quickly and the dimensionless capacity Q , at 

which the lithiation is terminated, is smaller. Therefore, the lower C-rate is beneficial to reduce stress 

and enhance the actual battery capacity. 

 

 

 

 
 

Figure 3. Spatial distributions of lithium-ion concentration (a), radial stress (b) and hoop stress (c) at 

0.08t  ; the evolutions of the hydrostatic pressure (d) at the surface of electrode and the 

electrode potential (e) with the dimensionless capacity Q  for different C-rate and 
0 500 nmr   
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Figure 4 discusses the influence of electrode particle radius on the distribution of the lithium-

ion concentration, radial stress, hoop stress, hydrostatic pressure and electrode potential under 

1 CCn   galvanostatic operation. It is noted that the time is not given by dimensionless t  but 

100 st   in Figs. 4(a)-4(c) because dimensionless time is related to the electrode particle radius and 

the influence of only the radius on them is investigated at the same charge time. It can be seen from 

Fig. 4(a) that the lithium-ion concentration is higher for the larger particle radius, which is due to that 

the diffusion flux becomes larger for larger particle radius according to Eq. (15) and 

max 0 10800n ci n c Fr . Additionally, when the particle radius is smaller, it is easier to reach the steady 

of the lithium-ion concentration and the distribution of concentration is more homogeneous. 

Fig. 4(b) and 4(c) depict the distribution of the radial and hoop stress at 100 st   for different 

electrode particle radius during the charge, respectively. The magnitudes of the radial and hoop stresses 

increase with the increase of the radius, which is consistent with the result of Zhang [6]. So it is 

necessary to reduce the radius in order to avoid the destruction of the electrode. 
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Figure 4. Spatial distribution of lithium-ion concentration (a), radial stress (b) and hoop stress (c) at 

100 st  ; the evolution of the hydrostatic pressure (d) at the surface of electrode and the 

electrode potential (e) with the dimensionless capacity Q  for different 
0r  at 1C-rate  

 

Fig. 4(d) and 4(e) exhibit the hysteresis of the hydrostatic pressure at the surface of electrode 

and the electrode potential during lithiation and delithiation, respectively. It is obvious that for a larger 

radius, the hydrostatic pressure is greater, which is due to the greater radial stress and the greater stress 

on the hoop, as shown in the figure. 4(b) and 4(c). The hysteresis loop of the hydrostatic pressure is 

greater for a greater radius in Fig. 4(d), and that of the electrode potential is bigger for larger radius in 

Fig. 4(e). Additionally, when the potential of the electrode is zero, the effective capacity Q increases as 

the particle size decreases. This behavior is due to the fact that the electrode potential drops to zero 

faster for a larger compressive stress during the lithiation process according to Eq. (4) and Fig. 4(d) 

when the particle radius is larger. Therefore, the large particle size and compressive stress can reduce 

effective capacity, consistent with [26]. 

 

In order to make clear how the stress impacts on the lithium-ion concentration and the electrode 

potential, the comparisons between the present model and Jin’s model [17] is made in Fig. 5. The 

effect of the stress on the diffusion is neglected in Jin’s model, and diffusion equation is described by 

only pure Fick’s law while there exists fully coupled in this work. Fig. 5(a) and (b) are the 

concentration comparisons at lower SOC and higher SOC, respectively. Observed from Fig. 5(a) and 

(b), the distribution of lithium ion concentration along the radial direction is more uniform, as stress 

and electrochemical potential improve lithium ion diffusion. Fig. 5(c) is the electrode potential 

comparison during lithiation and delithiation. The electrode potential in the current model falls to zero 

slower than in the Jin model during the lithiation. When the impact of the stress on the diffusion is 

considered, the dimensionless capacity Q , at which the lithiation is terminated, is larger. Thus, Jin’s 

model shortens the lithiation process however the lithiation is not finished in fact. 
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Figure 5. Comparisons of lithium-ion concentration at lower SOC (a) and higher SOC (b) and the 

hysteresis of electrode potential (c) between the present model and Jin’s model (without the 

effect of the stress on the diffusion) for 
0 500 nmr  and 1C  

 

 

 

4. CONCLUSIONS 

Taking into account the effects of the stress on the diffusion and electrode potential, a fully 

coupled electro-chemo-mechanical model in the spherical electrode is developed on the basis of 

modified Butler-Volmer electrochemical reaction, diffusion and mechanical equilibrium equation. 

Numerical simulations are then carried out to examine the influence of the electrode particle radius and 

the C-rate on the lithium ion concentration, stress and hysteresis of the electrode potential during 

galvanostatic operation. Some comparisons of the lithium ion concentration and hysteresis of the 

electrode potential between the present model and the Jin model are carried out. Numerical results 

indicate that 1) the electrode particle radius and C-rate play a significant role in the mechanical stress 

and electric potential for silicon electrode; 2) the smaller C-rate is beneficial to reduce the diffusion-

induced stress and improve the effective capacity of the battery; 3) when the particle radius is larger, 

the magnitude of diffusion-induced stress is larger, and the effective capacity is smaller. 
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