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We develop a simple physical model which describes the origin of phase angle of the Warburg finite
length diffusion impedance. We show that diffusion results in a phase delay of the surface
concentration of species with respect to current. The phase shift between current and concentration is a
function of a ration of the Nernst diffusion layer thickness to an oscillating length. The phase angle of
the Warburg finite length diffusion impedance has a maximum that does not depend on either the
Nernst diffusion layer thickness values or the diffusion coefficient of species. The peculiarities of the
phase angle changes at the transition from the Warburg finite length diffusion impedance to electrode
impedance are shown. The effects of the Nernst diffusion layer thickness, charge-transfer resistance,
diffusion coefficient, double layer capacitance, and electrolyte resistance on the behavior of phase
angle are discussed.
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1. INTRODUCTION

The basis of theoretical studies on the electrode impedance consists in revealing the nature of
processes occurring on electrode/electrolyte interface [1-4]. In 1899, Warburg obtained the impedance
of a semi-infinite transport layer attached to a planar electrode [5]. Warburg’s result has been extended
to the transport layer of a finite thickness. A Nernst diffusion model was taken as a basis of the
calculations of Warburg finite length impedance [6] on the assumption that transport is exclusively by
diffusion. The diffusion contribution of the impedance was studied for a variety of electrode
geometries [7] and using different mathematical approaches [8-11]. The authors of Ref [12] proposed a
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theoretical model, which describes the properties of the generalized diffusion impedance of bounded
diffusion layers, which have low-frequency dispersion. The authors showed that the boundary
conditions do not affect the impedance in the range of frequencies higher than the characteristic
frequency, wy = D/d?. At low frequencies, the response of the system is a combination of the bulk

and limiting properties of the layer.

Barbero considered a transport in slab between two planar electrodes and showed that the
account of displacement current on the electrodes leads to the transport impedance differing from the
Warburg result [13-16]. According to the author the theoretical interpretation of Warburg’s impedance
is still an open problem, and its origin is probably related to the boundary conditions. Similar
conclusion was made by Kulikovsky, the author showed that the transport layer impedance depends on
the type of the electrode connected to the transport layer [17]. To date, the studies of Warburg finite
length diffusion impedance in fuel cells and in electrochemical systems with film electrodes remain
topical [18-21]. However, the physical origin of phase angle of Warburg finite length diffusion
impedance has not been discussed in detail.

In this paper we develop a physical model which describes the physical origin of phase angle of
Warburg finite length diffusion impedance. This model allows us to explain the change of phase angle
at the transition from the Warburg finite length impedance to electrode impedance. We investigate the
impact of such electrochemical system parameters as the Nernst diffusion layer thickness, charge-
transfer resistance, diffusion coefficient, double layer capacitance and electrolyte resistance on the
behavior of the phase angle.

2. THEORY

2.1. General expressions for the concentration distribution in the near electrode layer

Suppose only one reaction: Ox+ne  ——Red proceeds at a flat interface. For redox

processes, concentration changes under galvanostatic conditions in the near-electrode layer of
thickness d can be determined by solving a system of differential equations for Ox and Red species:

2
ox_p,, @
OX
oc o%c
red _ Dyeq red (2)
ot ox?

where D, and D, are the diffusion coefficients of Ox and Red species, and x is the normal
distance to the electrode surface, c,, Coq are the concentrations of species. In the presence of a
supporting electrolyte, migration can be neglected.

Let us take the following initial and boundary conditions:

Cox (X,0) = ng » Cred (X,0) = C|E)ed (3)

Cox (d ,t) = ng » Cred (d ,t) = CE)ed (4)
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At x=0 and t >0, another boundary condition will be:

Dox (0Cox / 0X) =0 + Dred (OCreq / 9X)x=0 =0 (5)
The current density corresponds to the flux density of the reacting species, i.e.:
—Dgy (OCqy 1 OX)y—g =1 / NF (6)

where | is an alternating current density, n is the charge of ions, F is the Faraday’s constant.
When the alternating current is defined as | = Re{l exp(jwt)}, where i is the oscillation

amplitude, the concentration distribution in the near-electrode layer for harmonic processes is as
follows:

Cox (X,1) = oy + Re{C,, exp(jat)} (7)

Cred (X’t) = Csed + Re{cred eXp(Ja)t)} (8)

Then the system of equations (1, 2) with respect to the concentration phasors ¢, €, ., takes on

ox ! red

the following form:

d’¢

H 6 — D 0X 9
Ja) ox ox dX2 ( )
o d?c,

chred = Dred dxzd (10)
with the boundary conditions:

6ox (d) = Cred (d) = O (11)
Dox dCOX (0) = _Dred dCred (0) = _I_ (12)
dx dx nF

Simple diffusion of the reactant across a stagnant diffusion layer can be analyzed exactly. The
system of differential equations (9, 10) has the solution:

€, =a exp(y jo! D, X)+a,exp(—/jo! D, X) (13)
Cred = bl eXp(‘\/ JCU/ Dred X) + bz exp(_\/ J(O/ Dred X) (14)

The constants a,,a,,b,,b, can be found from the boundary conditions (11-12). The expressions

for concentration phasors or harmonic concentration oscillation amplitudes near the electrode surface
can be written as:

e i sh[\/jo/ D, (d —x)] (15)
” nF/jwD, ch[\/je/D,d]
< i sh[y/ jo/ D, (d =X)] (16)

C =
“ nFjewD, ch[/jo/D,,d]

The concentration phasors of the oxidized and reduced species on the electrode surface x=0
are defined by the formulas:

i h[/jo/Dd i
e NN IR )
nF, joD,, ch[jo/D,d] nF. joD,

] h[/jo/D,.,d 1
s _ ' shly jo/Dd] _ : thje/D ,d (18)

“ " nFjoDy chl{jw/Dd]  nFjeD,, e

red red
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2.2. Surface concentration of oxidized and reduced particles under polarization by AC and origin of
phase angle

Diffusion results in a phase delay of the surface concentration of species with respect to
current. Consider the nature of this process. After substituting (17) into (7) and extracting the real part,
we find the surface concentration:

¢ =c® +AC, = +— d [L Shy+SiNY oogptel SNYZSINY

y (chy+cosy) y (chy+cosy)

with y=2d -2
2D,

After some mathematical calculation, the expression for Ac;, can be written as:

[0)

sin a)tj (19)

i d .

AC:, =——r_sin(wt+6 20

(0):¢ nF DOX (0):¢ (a) OX) ( )

2 N2 1/2
where r = J2(sh?y +sin” y) .
y(ch y+cosy)
The phase shift @ takes the form:
siny+shy

J2[sh?y +sin? y]?
Similar calculations can be made for the case of ¢’ :

red *

g, =arcsin

(21)

-
Acty ==
nF D,
sinay +shay
J2[sh?ay +sin? ay]"?
2(sh?ay +sin? ay)"? —
d — \/_( y y) ya= Dox/Dred '

ay(chay +cosay)

rred Sin(a)t + ered ) (22)

6,., =arcsin (23)

with .,

The phase shift between current and concentration (potential), which changes under the action
of this current, will be defined by expressions (21, 23). This is our main result. The phase angle is a
function of the ratio of the Nernst diffusion layer thickness d to the oscillation diffusion layer
d, =+/D/®. In the high-frequency range, the following relation is fulfilled, & =45°, as for the case

of semi-infinite diffusion [21].

3. RESULTS AND DISCUSSION

3.1. Estimation of the Warburg finite length impedance phase angle for Ox species. Effect of diffusion
layer thickness

The Warburg finite length diffusion impedance of the system is defined as [3]:
thy/jo/D_d thyjw/D ,d
2, =2, 42, = ( 197 o 1] e J (24)

ox red — - + "
(nF)2 CSX\/ Ja)Dox C?ed \/ Ja)Dred
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where R is the gas constant, T is the absolute temperature.

The phase angles can be calculated from the formulas:

sh y—sin shay—sina

sh §+sin i] P = —arctg[sh a§+sin az/
The phase angle ¢ =argZ,, depends on frequency and increases from zero to the maximum

value of ¢=-46.6° (d/d, =2.78), then decreases to ¢ =-45° and afterwards is observed to be

ox — _arCtg[ (25)

constant, as with classical Warburg impedance. The maximum phase angle appears in the frequency
range at which the transition from the Warburg finite length impedance to the classical Warburg
impedance occurs. The maximum value of the phase angle does not depend on either the Nernst
diffusion layer thickness d values or the diffusion coefficient of species. On these parameters, the
value of frequency corresponding to the maximum of the phase angle depends. With decreasing the
Nernst diffusion layer thickness d , the curves of the frequency dependence of the phase angle shift to
the right (Figure 1). The position of the maximum value of the phase angle on the Nyquist diagram
depends only on frequency and the parameter A =d/d, . At this point, a value of 4 is the same for all
values of the Nernst diffusion layer thickness, 1 ~2.78. Also at this point, the values of imaginary and
active components of impedance are the same for all d values. Thus, the boundary conditions for
diffusing particles significantly affect the dependence of the phase angle on the frequency.

—i/deg

40¢

30}

) -1 o 1 2
log(w/rad-s")

Figure 1. Phase angle of normalized Warburg finite length diffusion impedance for oxidized species,
¢/deg, as a function of logarithm of frequency, log(w/rad-s™), for different values of the

Nernst diffusion layer, d/cm, as follows: (1) 5-10% (2) 103; (3) 2-103. Here and below,
D,, =5-10°cm?/s, T=300 K, n=1.

3.2. Diffusion coefficient effect

The expressions (21, 23) for phase angle & are obtained for the first time. They provide an
alternative explanation for the physical origin of phase angle of Warburg finite length diffusion
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impedance. Figure 2 presents the dependence of phase angle & on frequency for oxidized and reduced
species. Phase angle is due to diffusion of particles in a near-electrode layer under application of a
harmonic perturbation, & =90°+¢, where ¢ is the phase angle of phase shift at impedance
measurement. The phase angle shift depends on diffusion coefficient so it can differ for oxidized and
reduced species at given frequency. When diffusion coefficient of reduced species is greater than that
of oxidized species, a shift of the curve of the reduced form takes place in the range of high
frequencies. This behavior of the phase angle is determined by boundary conditions. For semi-infinite
diffusion, the phase angle is independent of frequency [22].

8/deg
o0t

log(efrad-s™ 1]

Figure 2. Dependence of phase angle, 8/deg, for oxidized (1) and reduced species (2) on logarithm
of frequency, log(w/rad-s™). Here and below, d =2-10°cm, D,, =10°cm?/s.

3.3. The Faradaic impedance phase angle estimation. Dependence on charge-transfer resistance

The Faradaic impedance describes intrinsic properties of the electrochemical system. In the
case of mixed polarization, the overvoltage is due to both concentration polarization and the slowness
of the charge transfer stage. The fundamental relationship between current and applied overvoltage is
described by the Butler-Volmer equation [23, 24]:

=1 G el (26)

Here n=E—-E, — overvoltage of the electrode, E,— equilibrium potential, I,— exchange

current, « — the charge transfer coefficient. For the case of 7 << % we can expand the exponent in a
n

row and limit to a linear term. The Faradaic impedance will be described by the expression [3, 23, 24]:
Zf = Rct + Zox + Zred (27)

where charge - transfer resistance is:
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_RT1
“ nF I,
Z,, Z., aredetermined by expression (24).

—( RI;I')Z —Dd 5 (Q-cm?), which is Warburg constant for
n C

0X ~0X

(28)

We normalized Z, to the quantity o, =

oxidized species:

7 - 'icﬁfl shy +siny N shay +cosay | . 1( shy—siny N shay —sin ay (29)
y\ chy+cosy ° chay+cosay y\chy+cosy ° chay+cosay
where
. (NF)? D,c . = (NF)? D,cS .  Du?cyl
— Z O0X ~0X ; R — R 0X ~0X ; — [0),8 0X 30

E TR g TRy g 7 Tper 0
Phase angle can be written as:
tg¢=— _ Im[Zoxj_ZredN] (31)

R,+Re[Z, +Z,,]

Table 1 presents numerical values of some parameters of the electrochemical system in the
maximum of phase angle ¢ with variation of the charge - transfer resistance Rqt.

Table 1. Numerical values of the parameters in the maximum of the Faradaic impedance phase angle ¢
with variation of the charge transfer resistance Rt

Rt - fmax @max 2 (On) 21 ()
(Q-cnr) (deg) (rad-s™) (Q-cm?) (Q-cm?)
0 46.33 18.47 0.18 0.19
0.5 18.94 8.05 0.82 0.28
1 12.14 6.95 1.36 0.29

Figure 3 shows the Faradaic impedance phase angle as a function of frequency for different
values of charge - transfer resistance. As the charge - transfer resistance increases, the phase angle
maximum shifts to lower frequencies and the magnitude of the maximum decreases. For large values
R, the phase angle tends to zero.

In the calculations, we neglected the resistance of electrolyte and did not take into account the
double layer impedance. In this case, the impedance of the model system under consideration is equal
to Faradaic impedance Z =Z,. Assuming that the process of double layer charging and Faradaic
process can be separated and double layer capacitance C, is arranged in parallel to Faradaic

impedance, interface impedance can be written as:
Zy = Z; + jaCy)™ (32)
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Total electrode impedance of the cell is a sum of serial resistance R, and interface impedance

int :
Z = Rs + Zint ! (33)
where R, is the sum of resistance of electrolyte and external resistance.
—/deg
40+

30+

2 1 2

log(ew/rads"")

Figure 3. Faradaic impedance phase angle, ¢/deg, as a function of logarithm of frequency,
log(w/rad-s™), for different values of charge - transfer resistance R, /Q-cm? as follows: (1)
0; (2) 0.5 (3) 1. Numerical values of used parameters were: c° =5-10"* mol cm?,
¢, =10 mol cm?.

red

3.4. Interface impedance. Dependence of phase angle on double layer capacitance

The interface impedance phase angle does not depend on double layer capacitance C, at zero
charge - transfer resistance. However, for the case of R, >0 it depends on the C, value. At the

chosen values of R, =0.5 Q-cm® and R, =1 Q-cm?, the phase angle has a maximum as in the case

of Faradaic impedance. In the range of frequencies where Warburg impedance tends to zero, the phase
angle starts to rise as quicker as higher a value of R, is. The phase angle tends to the value of —7/2
at high frequencies (Figure 4). In Ref. [25], the electrochemical behavior of a copper sulfide electrode
in a sulfate bath containing Cu?" ions was studied. Authors calculated Bode plots in the range of
frequencies where Warburg finite length diffusion impedance turns to classic Warburg impedance. The
general equation of the Faradaic impedance was the sum of three terms: charge transfer resistance, the
impedance corresponding to the diffusion of copper ions in the solution and the impedance
corresponding to the diffusion of copper in the solid. In the calculation the authors supposed that at the
middle frequencies, the double layer capacitance contribution is negligible. The phase angle of
impedance corresponding to the diffusion of copper ions in the solution has similar dependence on
frequency as in Figure 4 (curves 2 and 3).
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-d/deg
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lcrgf_m_;"rad-s'l_]
Figure 4. Interface impedance phase angle, ¢/deg, as a function of logarithm of frequency,
log(w/rad-s™), for different values of charge - transfer resistance R, /Q-cm® as in Fig 3.
Here and below, C,, =2.510° Fcm?.

Figure 5 shows the complex-plane plots of the interface impedance for different R, values.

The diagram consists of two loops. The left loop corresponds to the charge-transfer impedance. The
size of the loop depends on the R, value. The radius of the semi-circle is equal to R, /2. The size of

the right loop does not depend on the R, value. In Ref. [20], using the fractional modeling of Nernst

diffusion, the similar Nyquist plot was obtained.

~-Z"|Qcm’
04
0.2 1
' 0.3 1 1.5
Z'[Q-cm?

Figure 5. Nyquist plots of the interface impedance for different values of charge - transfer resistance
R, /Q-cm? as follows: (1) 1; (2) 0.5.
3.5. Electrode impedance. Dependence of phase angle on electrolyte resistance

Figure 6 presents the dependence of electrode impedance phase angle on frequency for
different values of electrolyte resistance at given values of the parameters C, and R, .
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Figure 6. Electrode impedance phase angle, ¢#/deg, as a function of logarithm of frequency,
log(w/rad-s™), for different values of electrolyte resistance R./Q-cm? as follows: (1) 5; (2)
10. Here, R, =1 Q-cm?.

The phase angle has two maxima; the first peak is in the range of low frequencies and the
second one is in the range of high ones, where Warburg impedance is equal to zero. With increasing a
value of electrolyte resistance, the both maxima of the phase angle decrease. All numerical
calculations were performed on the basis of the mathematical package Mathematica™ [26].

4. CONCLUSION

Thus, in this paper we demonstrated that the physical origin of phase angle of Warburg finite
length diffusion impedance is determined by diffusion. We showed the peculiarities of the phase angle
change with a variation of frequency and other parameters of the electrochemical system.
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