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Using the Randles circuit model, we determined that, for the impedance to fall on a straight line in a 

Cole–Cole plot, a dimensionless fluctuation coefficient that represents the quantity of the fluctuation in 

ion concentration near an electrode must be considered. The electrochemical impedance spectroscopy 

(EIS) measurement in a silver ferrocyanide-thiocyanate solution containing antimony potassium tartrate 

(APT) known as a leveling agent fell on a straight line in a Cole–Cole plot. The dimensionless fluctuation 

coefficient of silver ions, which was shown to be independent of the APT concentration, was determined 

to be 8.9 by comparison with calculations of the Randles model impedance. In addition, according to the 

derived formulae, exchange current density and equilibrium concentration of silver ions were determined. 
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1. INTRODUCTION 

Electrochemical impedance spectroscopy (EIS) [1–2] provides information on electrodeposition 

processes interpreted in terms of equivalent electric circuits.  For instance, semicircles [3–8] depicted in 

a Cole–Cole plot are related to the absorption and desorption of leveling additives on an electrode surface, 

or to multi-step charge-transfer reactions of metal ion species in a solution. However, a straight line in 

the Cole–Cole plot that yields a relationship between electrochemical parameters with the help of an 

appropriate equivalent electric circuit model has not yet been reported.  

EIS becomes somewhat arbitrary [9–10] when two or more equivalent circuits sufficiently 

represent the experimental impedance that depends on the frequency. However, in the case of a one-step 

charge transfer reaction without absorbed intermediates, the equivalent circuit model is said to represent 

the frequency response of impedance that has been observed in practice [9].  

A straight line in the Cole–Cole plot, which is interpreted as the simple one-step charge transfer 
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reaction under diffusion control, is represented by the Randles circuit model [11–12]. The capacitance 

that changes with frequency is attributed to a fluctuation in ion concentration in a solution.  In this study,  

we demonstrate that, for the impedance to fall on a straight line in the Cole–Cole plot, a dimensionless 

fluctuation coefficient that represents a quantity of the fluctuation in ion concentration must be 

considered. 

Silver electrodeposition from a solution comprising silver ferrocyanide-thiocyanate was known 

to obey the one-step charge transfer reaction [13]. In this study, the EIS measurements in a silver 

ferrocyanide-thiocyanate solution containing antimony potassium tartrate (APT) were shown to lie on a 

straight line in a Cole–Cole plot. Silver has attracted researchers in science and technology because of 

its variety of applications such as in silver nanomaterials [14–17], bacterial killing foil [18], non-noble 

metal catalysts [19], and the morphology of silver electrodeposits [20–23].  APT in silver 

electrodeposition was known as not only a leveling agent but also a pattern formation agent [24–25].  

The aim of this paper is to demonstrate the following: (1) for the impedance to fall on a straight 

line in a Cole–Cole plot, a dimensionless fluctuation coefficient was considered; (2) the EIS 

measurements of a silver ferrocyanide-thiocyanate solution containing APT fell on a straight line in a 

Cole–Cole plot; and (3) using the derived formula, the dimensionless fluctuation coefficient, equilibrium 

concentration, and exchange current density of silver ions were determined.  

 

 

 

2. EXPERIMENTAL SETUP 

Experiments were performed using a solution that contained the following components: 25.5 g/l 

AgNO3; 72 g/l K4Fe(CN)6·3H2O; 146 g/l KSCN; 59.3 g/l KNaC4H4O6·4H2O; 0, 0.75, 1.5, and 2.25 g/l 

C8H4K2O12Sb2·3H2O (APT); and 31.3 g/l K2CO3. A solution containing AgNO3, K2CO3 and 

K4Fe(CN)6·3H2O was boiled for 30 minutes and yielded burnt umber precipitates of iron hydroxides. 

After the removal of the iron hydroxide, the remaining components were added into the solution. Thus, 

the silver ferrocyanide-thiocyanate solution containing APT was synthesized.  

Polycrystalline copper square sheets with 10 mm sides were prepared for the cathode, which had 

a purity of 99.9 wt %. One side of the copper electrode was electrically isolated and the other side 

appeared to be mirror-like. A polycrystalline silver square plate with 60 mm sides, which had 99.98 wt 

% purity, was prepared for the anode. These electrodes were located parallel in a cell maintained at a 

temperature of 300 K. The silver electrode area was 72 times as large as the copper electrode area. Hence, 

the impedance in series of the silver electrode in the solution could be ignored in comparison with that 

of the copper electrode. 

An LCR impedance meter connected to a personal computer through a GP-IB bus was prepared 

for the EIS measurements in a frequency range from 1 to 100 kHz.  The LCR impedance meter imposed 

a sine-wave current in the cell to measure the impedance. The sine-wave current output with an 

amplitude of 0.1mA/cm2 was chosen to give rise to a cell voltage less than 5 mV. Hence, the cathode 

potential was lower than 5 mV. 
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3. RESULTS AND DISCUSSION 

3.1 Dimensionless fluctuation coefficient derived from the Randles circuit model 

We first made an analytical attempt to derive a condition that ensures that the impedance falls on 

a straight line in a Cole–Cole plot using the Randle circuit model [11] that includes the Warburg 

impedance.   

 

 
 

Figure 1. Equivalent electric circuit model: (a) Randles circuit model and (b) Straight line in the Cole–

Cole plot. 

 

The Randles circuit model comprising the solution resistance Re, electric double layer 

capacitance Cdl, resistance due to the charge transfer reaction Rct, and Warburg impedance Zw is shown 

in Fig.1 (a). For a sine wave input with an angular frequency ω the impedance Z in the Randles circuit 

model can be written as 
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where j is the purely imaginary number. The Warburg impedance [12] is represented by 
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and the Warburg coefficient is given by 

DcFz

RT

o 222
=  ,                                                                                                        (3) 

where z is the valence number, F is Faraday’s constant, R is the gas constant, D is the diffusion 

constant, T is the absolute temperature, and co is the equilibrium concentration of ions in the solution. 

For ζ<<RT/zF where ζ is the cathode potential, the resistance for the charge transfer reaction, Rct becomes  

 



Int. J. Electrochem. Sci., Vol. 14, 2019 

  

8031 

,
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where io is the exchange current density.  

Next, we derived the formula required for the impedance to lie on a straight line in the Cole–

Cole plot as shown in Fig. 1 (b) even if some additives are added to the solution. Equation (1) has the 

following form: 

 

,
a
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j

a

b
RZ e −+=                                                                                                             (5)  

 

where a, b, and c are real numbers. We define a change in the impedance and its components, 

caused by the concentration change in the ions in the solution, as ΔZ, Δb, and Δc.  The following equation 

should be satisfied for the impedance to fall on the single straight line passing through the origin in the 

Cole–Cole plot,  
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This equation only means that the slope in the Cole–Cole plot is not changed even if the change 

in the impedance occurs. Substituting Eq. (5) into Eq. (6), we have 
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where ctctdlctdl RRCRCA += 22
1  and  ctdlctdlctdl RCRCRCA ++=2 . Here, the 

solution resistance Re does not vary with the additive concentration, and the terms with higher orders 

than the second order terms can be negligible. If Equation (8) always hold true irrespective of ω, 

Equation (8) should satisfy 
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Equation (9) yields 
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./ constRct =                                                                                                               (10) 

 

 Substituting Eqs. (3) and (4) into Eq. (10), we define the dimensionless fluctuation coefficient 

of an ion concentration as 

 

𝐶𝑓 =
𝑖𝑜
𝑧𝐹

√2𝐷𝑐𝑜
.                                                                                                                (11) 

 

The Warburg impedance dependent on the frequency ω is attributed to a fluctuation in the ion 

concentration. The numerator in Eq. (11) represents the fluctuation in the ions caused by the mole 

number of ions that can crystallize on the electrode during 1 s. The denominator in Eq. (11) represents 

the fluctuation in the ions caused by the mole number of ions that can diffuse during 1 s. 

If the fluctuation in ion concentration near the cathode is attributed to crystallized ions, the 

coefficient Cf defines how large the fluctuation in the ion concentration is. When Cf approaches zero, the 

fluctuation reaches zero because the high concentration of ions quickly responds to a decrease in the 

number of ions in the solution due to the crystalized ions. Hence, the impedance Z in Eq. (1) depicts a 

semi-circle on a Cole–Cole plot. On the other hand, for Cf  >> 1, the impedance Z depicts a straight line 

perpendicular to the Re Z axis when the frequency ω approaches zero, and it reaches Re when the 

frequency ω approaches zero according to Eqs. (1) and (3). When Cf has an intermediate value, the 

fluctuation in the ion concentration occurs owing to the Warburg impedance, and a straight line will be 

depicted on a Cole–Cole plot. 

The fluctuation in ion concentrations near the cathode causes a change in the number of atoms 

arriving at the surface of the anode and causes the fluctuation in the surface height of the electrodeposit, 

i.e., an unstable surface. 

Within the framework of film growth, governing equations including a fluctuation in the 

deposition process, η (x, t) have been studied [26]. For example, the KPZ equation in one dimension [27] 

has the following form, 

 
𝜕ℎ

𝜕𝑡
= 𝜈∇2ℎ +

𝜆

2
(∇ℎ)2 + 𝜂,                                                                                             (12) 

〈𝜂(𝑥, 𝑡)𝜂(𝑥′, 𝑡′)〉 = 2𝐷𝛿(𝑥 − 𝑥′)𝛿(𝑡 − 𝑡′),                                                                                 (13) 

 

where h is the height of a deposited layer, ν is the surface tension, and λ is the constant. Equation 

(13) implies no correlation of η(x, t) in space x and time t. The term η(x, t) is interpreted as a noise related 

to diffusion combined with the diffusion coefficient, D and affects the film growth and the surface 

roughness of the deposit [28]. Equation (11) also indicates the presence of a fluctuation in the ion 

concentration that affects the film height. However, a relationship between the term η(x, t) and the 

fluctuation in the ion concentration has not been theoretically derived.  
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3.2 EIS measurement in the silver ferrocyanide-thiocyanate solution containing APT  

Figure 2 shows the Cole–Cole plot in a frequency range from 1 to 100 kHz for the four different 

concentrations of APT in the silver ferrocyanide-thiocyanate solution. A change in the quantity of the 

impedance dependent on the APT concentration can be observed, but all the data almost fall on the 

simple straight line. A partially resolved semicircle [29] at high angular frequencies, which is due to the 

presence of an electric double layer, very weakly emerges in the Cole–Cole plot. This suggests that the 

Fermi level of the electron in the cathode is not so different from the chemical potential of the solution.   

The real and imaginary parts of the impedance at low angular frequencies lie on the straight line whose 

slope is not 45° owing to the presence of the capacitance, which depends on the frequency. The 

requirement for Eq. (10) is that all the data fall on the straight line irrespective of the additive 

concentration. Figure 2 shows that the requirement is satisfied. 

 

 
 

Figure 2. Cole–Cole plots within a frequency range from 1 to 100 kHz for the four APT concentrations. 

The straight line was drawn to guide the eyes.  

 

 
 

Figure 3. Typical plots of the real and imaginary parts of the impedance dependent on ω−1/2: (a) Real 

part of the impedance vs. ω−1/2 and (b) Imaginary part of the impedance vs. ω−1/2. 
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In Fig. 3, the real and imaginary parts of the impedance were plotted as a function of the angular 

frequency ω−1/2 so that a detailed interpretation of the impedance behavior could be made. The two parts 

increase with the concentration of APT and those at the low angular frequencies are linearly proportional 

to ω−1/2. This shows that the experimental results were consistent with the Warburg impedance.   

The approximation condition ζ<<RT/zF was valid for this study owing to ζ < 5mV < RT/zF=25.8 

mV at a temperature of 300 K where 5 mV was the maximum cell voltage when the sine-wave current 

with an amplitude value of 0.1 mA/cm2 was applied over the cell as explained in the Experimental setup. 

The Randles circuit model includes the Warburg impedance, which means that chemical ion species in 

the solution are transported by diffusion.  No semicircle appears in the Cole–Cole plot at high angular 

frequencies and cathode potentials. The condition ζ<<5 mV means that the Fermi level of the electron 

in the electrode was almost equal to the chemical potential of the solution near the electric double layer. 

Hence, the applied potential at the cathode was very small; however, the electrochemical reaction from 

silver ions to silver atoms occurred. That is, we could observe the resistance due to the charge transfer 

reaction of silver ions.   

 

 

 

Figure 4. Typical experimental and calculated impedances dependent on ω−1/2. The solid lines and open 

circles indicate the calculated and the experimental values for the silver ferrocyanide-thiocyanate 

electrolyte containing 1.5g/l APT, respectively. The parameters used in the calculation were Re 

=0 Ω, σ =75 Ωcm2s−1/2, Rct =8.4 Ωcm2, and Cdl =10−4 F. (a) Real part of impedance vs. ω−1/2 ; (b) 

Imaginary part of impedance vs. ω−1/2 

 

The typical calculation results based on Eqs. (1)-(4) were shown in Fig. 4. The impedance 

measured in the silver ferrocyanide-thiocyanate solution containing 1.5g/l APT was also plotted in Fig.4. 

The real and imaginary parts in the calculation were in good agreements with those in the experiment. 

As the Warburg impedance represents the electrical behavior of ion transport by diffusion, no chemical 

reaction is considered to occur in the diffusion layer owing to the presence of APT [30]. In addition, 
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Figure 2 also shows that some complicated reactions by multi-step reactions and absorbed intermediates 

did not occur. Hence, the kinetic reactions in the silver solution containing APT can be described by the 

simple charge transfer reaction under diffusion control [13]. The equivalent circuit approach in this 

experiment has a good relation to what occurs in practice.  

 

3.3 Determination of the dimensionless fluctuation parameter Cf 

Figure 5 shows the calculated values of σ and Rct best fitted to the experimental impedance as 

shown in Fig. 4 for the different concentrations of APT. The two parameters linearly increase with APT 

concentration. Hence, the results of σ and Rct support Eq. (10).  

 

 
Figure 5. Dependence of σ and Rct on the APT content. These values were best fitted to the experimental 

impedances in Fig.3. The straight line was a guide for the eyes. (a) σ vs. APT concentration, (b) 

Rct vs. APT concentration. 

 

Figure 6 shows the dimensionless fluctuation coefficients Cf that had a constant value of 8.9 

independent of the APT concentration. If there is no fluctuation in silver ions, the value of Cf becomes 

zero. The concentration fluctuation in silver ions occurred and was observed as the capacitance that 

depends on the frequency. In electrodeposition, the concentration fluctuation of the silver ions near the 

substrate causes the rough surface of silver electrodeposits.  
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Figure 6. Dependence of Cf  on the APT concentration. 

 

 
 

Figure 7. Plot of the exchange current density, io and thermal equilibrium concentration of silver ions, 

co for the four different APT concentration.  

 

According to Eqs. (3) and (4), the equilibrium concentration of silver ions, co, and the exchange 

current density, io were obtained as shown in Fig. 7. Here, the diffusion coefficient D was assumed to be 

10−5 s/cm2 [31]. The equilibrium concentration of silver ions and the exchange current density decrease 

with APT concentration. These results suggest that the activity of silver ions in the solution and the 

crystallization of silver ions tended to be suppressed by the presence of APT. As the Cole–Cole plot in 

Fig. 2 comprises only the straight line and no semi-circle, the desorption and absorption of APT may not 

occur at the cathode. Hence, the effect of APT on silver deposition is different from that of other leveling 

agents such as coumarin [10] that inhibit growth by adsorption and desorption at cathode electrodes. 
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4. CONCLUSIONS 

For the impedance to fall on a straight line in the Cole–Cole plot, a dimensionless fluctuation 

coefficient that represents the quantity of concentration fluctuation in a solution near an electrode must 

be considered. The EIS measurements in the silver ferrocyanide-thiocyanate electrolyte containing APT 

fell on a straight line in the Cole–Cole plot. According to the derived formulae, the dimensionless 

fluctuation coefficient, exchange current density, and equilibrium concentration of silver ions were 

determined. 
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