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Physicochemical description of the electrochemical impedance for an ideally polarized interface
through the application of Nernst-Planck-Poisson (NPP) model, linearized by Debye-Falkenhagen (DF) approximation is presented. This description involves physicochemical parameters instead of
equivalent circuits. Its simple analytical solution is shown in order to calculate the impedance transfer
function, which describes the capacitive contribution to the overall impedance. Model predictions were
in qualitative good agreement with the experimental results for Au electrode immersed in 0.1 M and
0.01M KCl. Constant Phase Element (CPE) concept was included in order to provide a closer
description to the experimental spectra for solid electrodes in a wide frequency range. Despite these
concepts had been deeply explored separately, a connection between them have not been made as in
this work.
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1. INTRODUCTION
When an electrode is immersed in an electrolyte, the first phenomenon that takes place at the
interface is the formation of the electrochemical double-layer. This is accompanied by a spatial
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separation of charge. The comprehension of the structure and properties of charged interfaces started in
1879 with the well-known work developed by Helmholtz and the subsequent improved theories
proposed by Gouy, Chapman and Stern. After that, the research focused on the electrochemical
double-layer increased throughout the past century until today [1].
As a consequence, this knowledge has been successfully applied in many interest areas such as
physical chemistry, engineering, biomedical and in industrial processes [2]. Some properties of the
electrochemical double-layer could be experimentally studied by using several techniques such as
cyclic voltammetry, chronoamperometry and ac-voltammetry. However, nowadays electrochemical
impedance spectroscopy (EIS) is often the most used and reliable technique [3]. According to the
conventional interpretation of impedance spectra by using an equivalent circuit approach and based on
the double-layer theories, the impedance Z( ) of an ideally polarized interface is represented by two
electrical elements: A capacitor (Cdl) coupled in series with the solution resistance (Rs) [4]. The
graphical representation of this equivalent circuit in a complex plane depicts a vertical line, which
intersects the real axis at a Rs value when high frequencies are reached. Bode-phase diagrams begin
near 0º and reach 90º.
When a nearly ideal capacitance is experimentally observed, such as in the cases of mercury
drop electrode or presumably single-crystalline electrodes immersed in high-concentrated solutions, a
non-linear fitting allows to obtain the electrolyte conductivity as well as the value of the interfacial
double-layer capacitance. In several cases, even when an ideally polarized interface is studied, some
deviations from an ideal capacitance response could be observed, therefore the impedance spectra in
complex representation changes from a vertical to an inclined line and Bode-phase diagrams reaches
phase angle values lower than 90º. This behavior can be described by the Constant Phase Element
(CPE), which predicts, by a fractional exponent, the dispersive and the frequency-dependent behavior
of the double-layer capacitance [5,6]. Following Zoltowski [2], the mathematical expression for
impedance of a CPE can be expressed as:
(1)
Where Qa is a constant in
. Similar equations have been published by Lasia [7] and
Brug et al. [4]. Despite other mathematical expressions have been given [3], expression (1) is actually
accepted and recommended by IUPAC [12]. Usually when frequency dispersion of the capacitance is
an experimentally observed effect, a CPE is often included into an equivalent circuit, with a limit
for ideal capacitor and
for a resistor. Then, several investigations based on the CPE
concept have been reported in the literature [8-9].
In general, it was proposed that CPE could be originated from surface inhomogeneity [10-11],
by the adsorbate diffusion [12], or the electrodes roughness surface [13].
In this way, the interest in the interpretation of CPE parameter n, has been increased. Several
articles have tried to explain this parameter by fractal dimension [14], electrode roughness effect [11],
included vigorous discussions [4-5, 15-17], and the determination of effective capacitance value from
CPE element [18].
Beyond the ideality of the interface, the interpretation of EIS spectra by using electrical
parameters, either an ideal capacitance or a CPE, is similar because just electric information is reached
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when equivalent circuit approach is used, consequently physicochemical information, i.e., adsorbate
concentration, diffusion coefficient or Debye length, cannot be directly obtained. Because of that, this
work supports the hypothesis that a mathematical impedance model could be obtained from transport
phenomena laws, for instance, Nernst-Planck-Poisson (NPP) equations
Solution of NPP equations has been used under different approaches. For instance, the wellknown solution of Poisson-Boltzmann equation is often used to calculate the potential profile in the
diffuse layer according to the Gouy-Chapman theory [19]. Other more complex applications of the
complete NPP model are: the description of the ionic charge densities relaxations [20-22], the
description of diffuse layer relaxation at ideally polarized electrodes [23], the prediction of charge
density, electric field or electric potential of electrical double-layer [24-27], nanofluidics [28,29] and
immittance studies [30-35]. This last approach has been deeply explored by Macdonald and coworkers
in a series of publications. Their theoretical developments are very relevant since they were the first
ones who analyzed NPP model under several boundary conditions. They subsequently developed the
LEVMW software to fit the theoretical immittance expression by complex no linear least-squares with
the experimental results. Under this approach, they developed a well-established linear theory of
space-charge polarization effects in photoconductors and semiconductors [30]. In a second work [31],
they extended their theory, which allowed them to take into account the inclusion of generation and
recombination of mobile charges in solids or liquids materials. In [31] the authors use the NPP model
to reach a theoretical description of anomalous diffusion for finite-length situations. In addition,
Macdonald [32] presented an excellent and complete summary about the history, evolution and the use
of NPP and its application to the immitance description of experimental systems. Unfortunately, as
Macdonald said in [32]; other authors have not often used the NPP model in order to acquire
fundamental descriptions of impedance measurements.
The aim of this paper is to present a physicochemical description of the electrochemical
impedance for an ideally polarized interface based on the transport phenomena of the Nernst-PlanckPoisson equation (NPP) linearized by Debye-Falkenhagen (D-F) approximation for a plane geometry.
The novelty of our approach is based on simple and novel set of boundary conditions, not previously
used, that allow reaching a simple mathematical model as well as its clear and simple analytical
solution.
It is worth to note that the main differences between this work and those developed previously
by Macdonald are the simple boundary conditions that applies just for a simple electrochemical system
instead of generalized conditions proposed for photo and semiconductors given in previous works [3032]. As a consequence, the model adopted in this work and its notation is considerably simplified.
Moreover, its analytical solution is easily reached by using basic mathematical concept such as
Laplace as is clearly pointed out. Furthermore, the approach used in this work gives a not complicated
formula for the impedance of the system. The simple methodology used in this paper could be an
incentive to promote the use of NPP model to other authors interested in the description of impedance
spectra from the physicochemical point of view.
In addition, empirical CPE concept was taken into account in order to provide a closer
description of experimental data for solid electrodes in a wide frequency range and a new
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interpretation of Qa from equation (1) is proposed. Despite these concepts had been deeply explored
separately, a connection between them have not been previously made as in this work.
Finally, we present an experimental example concerning the electrochemical impedance for a
gold electrode immersed in 0.1 and 0.01 M KCl interface in absence of faradaic reactions. The
experimental measurements were in good agreement with the theoretical prediction given by our
model.

2. EXPERIMENTAL PART
For the experimental measurements a conventional three-electrode cell was used. The working
electrode was a gold disc electrode (diameter 1.6 mm) embedded in Teflon. The auxiliary electrode
was a long Pt wire and the reference was a saturated calomel electrode. The working solutions were
0.1 and 0.01M KCl in water.
Impedance spectra were measured with an Autolab PGSTAT 128N potentiostat controlled by
the commercial Nova 1.10 software. The amplitude of perturbation was 10 mV with a frequency range
between 10 kHz and 1 mHz. Seven points per logarithm decade were taken. All measurements were
carried out at 0.3 V D.C., potential at which no faradaic reaction takes place at the electrode.
Before impedance measurements, a cyclic voltammetry at 50 mV s-1 of gold electrode
immersed in 0.5 M HClO4 was carried out in order to ensure the cleanliness of the gold electrode
interface as well as its reproducibility.

3. MATHEMATICAL MODEL
The mathematical framework starts from the NPP model linearized by Debye-Falkenhagen
approximation [36], which can be written as follow [23]:
(2)
(3)
(4)
Where
is the volumetric charge density, is the electric permitivity,
is the electric
potential, D is the diffusion coefficient, is the current density, is the coordinate away from the
electrode and is the reciprocal of the Debye thickness given by the following equation:
(5)
in which Cº, z, F,R and T are bulk salt concentration, ion charge, Faraday constant, ideal gas
constant and temperature, respectively.
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In order to describe an ideally polarized interface, equations (2)-(4) can be solved under the
following conditions:
(6)
(7)
(8)
(9)
Condition (6) is related to the electroneutrality, (7) is associated to the charge at semi-infinite
distance from the working electrode, (8) is related to the interface condition from Gouy-Chapman
theory at low perturbation constraint, where
is the potential at the electrode surface which is
considered time dependent. Finally, (9) is the well-know blocked electrode condition.
Applying Laplace transform to equation (2) and reorganizing, next expression is obtained:
(10)
Factorizing
(11)
Dividing by D, we get the following equation:
(12)
Which has the following solution:
(13)
where
(14)
Then, applying the boundary conditions (7) and (8) to equation (13) provides:
(15)
On the other hand, calculating the Laplace transform of equation (3) and once transformed,
substituting it in equation (15) gives:
(16)
If this equation is integrated once we obtain:
(17)
in order to calculate the integration constant B from equation (17), we have transformed the
equation (4) and we have evaluated it at the blocked electrode condition (9), in this way the following
expression is obtained:
(18)
which implies
(19)
The substitution of equation (19) on equation (17) generates:
(20)
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Finally, substituting the derivatives of equation (15) and equation (20) on transformed equation
(4) we must reach:
(21)
Which is in fact, the admittance transfer function of an interface when charge transfer is absent,
i.e. an ideally polarized interface.
We can evaluate equation (21) at some distance of interest, for instance x= x h, which
correspond to the distance from the working electrode to the Helmholtz plane.
Further simplifications of equation (21), substitution of Laplace variable s by j and
calculating the inverse of admittance, conduce to the impedance transfer function:
(22)

Where A is the area of the working electrode, j is the imaginary number and is the frequency
in rad s-1. Equation (22) predicts the capacitive impedance of an interface as a function of intrinsic
parameters such as temperature, concentration, Debye length and diffusion coefficient.
For the sake of completeness, the total impedance of the interface ZT( ) was calculated by
adding the contribution of the series resistance Rs.
(23)

Further simplification of equation (23) can be made if

is much less than one:
(24)

This clearly describes the total impedance as an ideal capacitor as a conventional theory but
including physicochemical parameters.
In order to predict the deviations from the ideal capacitance behavior, equation (24) was
modified by including a fractional exponent n on
, as is normally done under the CPE approach
[2,4,7,12] where it is well known that:
(25)
Where C is the effective double-layer capacitance. If we admit from equation (24) that:
(26)
The following analogy can be made:
(27)
Thus we can find an interpretation of Qa in terms of physical parameter, as follow:
(28)
And because of equation (28), total impedance can be calculated as follows:
(29)
In a more general case, equation (23) can be modified directly to give:
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Where
in m2 s-n and
electric permittivity.

in F sn-1 m-1 are not precisely the common coefficient diffusion and

4. RESULTS AND DISCUSSION
Several simulations using equation (30) were carried out using Matlab software. The good
theoretical prediction of equation (30) is shown in Fig. 1. In all cases we used = 2x10-9 m2 s-n [37], z
-6
= 1,
6.94x10-10 F sn-1 m-1 [19] (aqueos solutions), xh=1x10-9 m [38], Rs=1000
m2.
For Figure 1a and 1b n was shifted from 0.1 to 0.7, meanwhile for Figure 1c, n was fixed to 0.9 and C
were changed from 1M to 1mM.

Figure 1. Theoretical a) complex, b) Bode-phase and c) Bode-modulus electrochemical impedance
diagrams calculated by equation (30) at different n values and different concentrations.

The Fig. 1 a and b depict the effect on the CPE parameter in equation (30). It is possible to
recognize the typical response of complex impedance for an ideally polarized interface including both
cases: an ideal and non-ideal capacitance. When an ideal capacitance is taking into account, the
equation (30) is used with n=1. The theoretical prediction is a vertical line in the complex plane (Fig.
1a) and the Bode-phase diagram (Fig. 1b) starts from zero and reaches values of 90º. When frequency
dispersion is included, equation (30) is employed with different n values, from 0.9 to 0.7. In these
cases, diagonal line is depicted in the complex plane of the impedance and as is evidenced from the
Bode-phase diagram, the phase angle decreases when n value diminishes, in agreement with the
equation [3,5]:
(31)
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On the other hand, the concentration effect on equation (30) is evidenced in Fig. 1c. The
response shown in Fig. 1c was obtained for n=0.9, meanwhile C was modified. Bode-modulus
diagram shows that the impedance modulus decreases at the whole frequency range when
concentration increases, as is expected. Even more, for the more concentrate solutions, the typical
resistive response is clearly defined at the high frequency limit and subsequently, when frequencies
decrease the capacitance contribution to the total impedance is observed as a diagonal line with a
negative slope.

4.1. Experimental and theoretical data comparison
Fig. 2 shows the Bode-modulus and Bode-phase diagrams obtained for gold/KCl interface at
0.3 V vs. SCE, room temperature and two chloride ion concentration, 0.1 (Fig 2a) and 0.01M (Fig 2b).
For both concentrations, Bode-modulus diagrams depict a diagonal line that describes the
predominant capacitive behavior of the interface even at so low frequencies such as 0.01 Hz. On the
other hand, Bode-phase diagrams confirm the tendencies described above, and furthermore, clearly
evidence the dispersive double-layer capacitance effects, which generate phase angles lower than 90º
as is expected for a CPE behavior-like. It is worth to note that the deviations from the ideal capacitance
behavior are slightly higher when ions concentration diminishes; this experimental fact is in good
agreement with previous reports [12, 23]. We associate the dispersive double-layer capacitance effects
to the roughness and polycrystalline nature of the work electrode as well as the chloride adsorption
mass transfer, which is also evidenced at low concentration of ions [4, 12,13].

Figure 2. Theoretical prediction of Bode diagrams obtained by equations (29) (dashed line), (30)
(continued line) and the comparison with the experimental measurements (open dots) for
gold/KCl interface at 0.3 mV at a) 0.1M and b) 0.01M chloride concentration.

Before comparing the experimental measurement with the theoretical prediction of our model,
a fitting under equivalent circuit approach using CPE element was carried out through Zview software.
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Once the exponential n of the CPE element and Rs were obtained, they were used on equations (29)
and (30).
Comparison between simulations of equations (29)-(30) as dashed and continuous lines, and
the experimental data as open dots are shown in Fig. 2. Table 1 summarizes the parameters used in the
theoretical response. From Fig. 2 is noted that when equation (29) is used, the impedance predicted is
underestimated at the whole frequencies evaluated. A better approximation is obtained when equation
(30) is employed, and its best approximation is reached at highest concentration as is noted in Figure
2a.

Table 1. Physicochemical parameters used in the simulations.
Cº / mol m-3
10
100

Rs / Ohms
2167
280

D / m2 s-1
2x10-9
2x10-9

/ m-1
3.2x108
1x109

xh / m
1.8x10-10
1.8x10-10

n/
0.82
0.9

In general, the results obtained by equation (30) are in qualitative good agreement with
fundamental aspects of the double layer. For instance, impedance magnitude decreases when salt
concentration increases as is observed at the high frequency limit and, on the other hand, the diffusion
coefficient is in good agreement with the value previously reported [37]. Furthermore, x h correspond to
the ionic radius of chloride [38].
In contrast to the typical equivalent circuit method, a physicochemical description of the
interface is reached under this approach. Moreover, the clear and simple mathematical framework
employed to acquire the analytical expression of impedance, should be highlighted. Extension of our
model to different electrolyte stoichiometry and different electrode geometries, such as spherical or
cylindrical, could be derived. However, its deduction deserves a deeper exploration and will be subject
of our future work.

5. CONCLUSIONS
A mathematical model based on Nernst-Planck-Poisson equation linearized by DebyeFalkenhagen approximation was developed to calculate the electrochemical impedance transfer
function of an ideally polarized interface with a plane geometry and simple 1:1 electrolyte. The model
was analytically solved using Laplace Transform. The model can predict the impedance related to an
ideal double-layer capacitance as well as the frequency dispersion of this thermodynamic parameter.
Despite these concepts have been deeply explored separately, a connection between them have not
been made as in this work.
In this way, electrochemical impedance is described by physical parameters like diffusion
coefficient, temperature and ions concentrations.
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